An explicit example is found showing how a modified theory of gravity can be constrained with the ringdown signals from merger of binary black holes. This has been made possible by the fact that the modified gravitational theory considered in this work has an exact rotating black hole solution and that the corresponding quasi-normal modes can be calculated. With these, we obtain the possible constraint that can be placed on the parameter describing the deviation of this particular alternative theory from general relativity by using the detection of the ringdown signals from binary black holes's merger with future space-based gravitational wave detectors.
I. INTRODUCTION
General relativity (GR) has enjoyed much success in passing all experimental tests to date [1] . However, theoretical problems related to the black hole singularity and black hole information and observation evidence on dark matter and dark energy all indicate that GR may not be the final theory of gravity. Numerous modified theories of gravity have been proposed to study possible extensions to GR [2, 3] .
The first detection of gravitational wave (GW) by LIGO [4] has made new tests of GR possible. Quasinormal modes (QNMs) [5, 6] , which encode all information in the ringdown stage of a compact binary merger, is especially important for the purpose [7] . According to the no-hair theorem which states that all black holes in nature are Kerr black holes, the QNMs constituting the ringdown signal from a binary black hole merger are completely determined by the mass and spin of the remnant black hole. With the detection of at least two QNMs, it is possible to test the no-hair theorem by checking if the frequencies and the damping times are the same as those predicted by GR [8, 9] . A failure of the no-hair theorem may indicate that either GR is not the correct gravitational theory or GR is correct but the remnant is not described by the Kerr metric.
In this work, we are interested in testing a specific modified theory of gravity with the ringdown signal emitted by a binary black hole's merger. For this purpose, we will blame all possible failure of the no-hair theorem on the difference between the modified gravity theory and GR.
There have been work on constraining modified theories of gravity or no-hair theorem with GW observations. However, so far the constraints are mostly given in terms of phenomenological parameters whose relation to each modified theory of gravity is not known explicitly [10] [11] [12] . In order to constrain a specific modified theory of gravity * Emial:zhangjd9@mail.sysu.edu.cn † Emial:meijw@sysu.edu.cn with ringdown signal, one has to overcome at least two obstacles:
• The first is to have reliable information on at least two QNMs through GW detection. GW150914 is the first and by far the strongest GW signal detected, with a total signal to noise ratio (SNR) reaching 24. But the SNR for the ringdown stage is only about 7, so it is extremely difficult to extract the frequencies and damping times for the subdominant mode. For future space-based GW detectors, such as LISA [13] and TianQin [14] , and the next generation ground-based detectors, such as Einstein Telescope [15] and Cosmic Explorer [16] , high enough SNR is possible.
• The second is to calculate the QNMs for rotating black holes in the modified theory of gravity under study. The most promising source for testing the no-hair theorem with QNMs is the merger of massive black holes, of which the remnant black hole is usually a rotating one. But rotating black hole solutions in modified theories of gravity are difficult to find and it is also difficult to calculate the corresponding QNMs. For example, QNMs have only been studied for non-rotating or slowly rotating black holes in very few alternative theories, such as the dynamical Chern-Simons gravity [17, 18] , Einstein-dilaton-Gauss-Bonnet gravity [19, 20] and Horndeski gravity [21] .
Due to these difficulties, an example has been lacking where the ringdown signals from binary black holes' merger are used to constrain a specific modified theory of gravity.
We find that in the Scalar-Tensor-Vector Gravity theory (STVG) [22] , a rotating black hole solution is known and the dependence of the corresponding QNMs on the key STVG parameter can also be obtained by simple means. As such, one can place explicit constraint on STVG with the ringdown signals from binary black holes' merger to be detected with future GW detectors, for which we will focus on TianQin [14] and LISA [13] .
The paper is organized as follows. In section II, we introduce some basics of STVG, including the rotating black hole solution already known, then we obtain the corresponding QNMs. In section III, we study how the GR deviating parameter in STVG can be constrained with TianQin and LISA using the ringdown signal from the merger of binary black holes. In section IV, we give a brief discussion and summary.
II. ROTATING BLACK HOLE SOLUTION IN STVG AND ITS QNM
The action of STVG is given by [22] 
where L M is the Lagrangian density of matter, and
are the Lagrangian densities of the scalar, tensor and vector fields, respectively. The fields G(x), µ(x) are scalars related to Newton's constant G N and the mass of the vector field φ µ , respectively, B µν = ∂ µ φ ν − ∂ ν φ µ , and
A rotating black hole solution in the theory has been constructed for the special case G = G N (1 + α), µ ≈ 0 and V (G) = V (µ) = V φ (φ) = 0 . In this case the action reduces to that of the Einstein-Maxwell theory,
and the rotating black hole solution is nothing but the Kerr-Newman solution with a special choice of its charge parameter [23] :
where a = J/M with J being the angular momentum. The conserved charge of the vector field is assumed to be proportional to the mass
. The action (3) differs from that of GR in two ways. Firstly, the vector field, φ µ , in (3) is to be distinguished from the usual electromagnetic field. Secondly, the coupling constant G is different from Newton's gravitational constant G N . In the case of α = 0, the vector field φ µ vanishes, G returns to G N and the gravitational perturbation of (4) returns to that of a Kerr black hole in GR. By studying the QNMs of the ringdown signal, one can impose constraint on the GR deviating parameter α .
The QNMs of the Kerr-Newman black hole have been studied with various methods, including a consideration of the static case [24] . Dias et al. have studied the QNMs of the Kerr-Newman black hole with the Newton-Raphson method, where they solved the perturbation equations directly without variable separation [25] . Dudley and Finley (DF) have obtained approximate decoupled equations for gravitational perturbations of the Kerr-Newman black hole [26] . With these equations, Berti and Kokkotas have computed the QNMs with both the WKB and the continued fraction method [27, 28] . The QNMs of the weakly charged [29] and the slow-rotation [30, 31] solutions have also been calculated. The Newton-Raphson method is relatively more precise, but solving the DF equations with the continued fraction method is more efficient and we shall adopt this approach in the present work.
To test STVG, we need to find out the dependence of QNMs on the parameter α. Following [27] , the DF equations of (4) are given by
where u = cosθ, K = (r 2 + a 2 )ω lm − am and E lm is the separation constant. Note s = −2 corresponds to the gravitational perturbation. Imposing the purely ingoing and outgoing boundary conditions at the black hole horizon and the space infinity, respectively, the angular function S lm and the radial function R can be constructed as
where
are the two roots of ∆ S = 0, and
▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ■ δω 22 (a=0) Plugging (6) into (5), one can obtain two three-term continued fraction relations, which can be solved numerically TABLE I and  TABLE II , where we have let G N = M = 1 . An illustration of the dependence of the QNM parameters on α is given in FIG. 1 , where δω lm = (ω lm (α) − ω lm (0))/ω lm (0) and δτ lm = (τ lm (α) − τ lm (0))/τ lm (0) .
For later convenience, we fit the numerical result of the leading QNMs with a set of phenomenological formulae similar to those in [8] , mainly for the range α ∈ [0, 1/4] ,
where Q lm = ω lm τ lm /2, and χ f = J/(GM 2 ) is the dimensionless spin of the remnant black hole. The constants f i and q i with i = 1, · · · , 6 are listed in TABLE III, where the last column indicates the maximal percentage of error of the fit formulae from the true values.
III. CONSTRAINING STVG WITH TIANQIN AND LISA
In this section, we study how the GR deviating parameter α in STVG can be constrained using the ringdown signal from the merger of massive black holes to be detected with future space-based GW detectors, focusing on TianQin [14] and LISA [13] .
A. Detectors
The first detector we consider is TianQin [14] , which be a constellation of three satellites on a geocentric orbit with radius about 10 5 kilometers. We adopt the following model for the sky averaged sensitivity of TianQin [10, 14, 32, 33] ,
where L 0 = √ 3 × 10 8 m, c is the speed of light, √ S a = 1 × 10 −15 ms −2 Hz −1/2 is the average residual acceleration on each test mass and √ S x = 1 × 10 −12 mHz −1/2 is the total noise of displacement measurement in a single laser link. To avoid the problem of having telescopes pointing to the Sun, TianQin adopts a "3 month on + 3 month off" observation scheme. To fill up the observation gap, one may consider having a twin set of TianQin constellations to operate consecutively. Such a scheme will not affect the sensitivity of each detector.
The second detector we consider is LISA [13] , the concept of which has been around for several decades. For LISA, we shall use the sensitivity curve given in [34] .
B. Waveform of the ringdown signal
The ringdown waveform is given by
where M z is the red-shifted mass of the remnant black hole, D L is the luminosity distance to the source, Y lm +,× = Y lm +,× (ι) is the sum of spin -2 weighted spherical harmonics [35] , with ι ∈ [0, π) being the angle between the spin-axis of the source and the line-of-sight to the source, φ ∈ [0, 2π] is the initial orbital phase of the source, and A lm is the amplitude of the lm mode [12] A 22 (ν) = 0.864ν ,
where ν = m 1 m 2 /(m 1 + m 2 ) 2 is symmetric mass ratio, 
C. Statistical method
The SNR for a GW signal is obtained with the following formula,
and the inner product for any pair of signals p(f ) and q(f ) is defined as
where f low is taken to be half the frequency of the (2, 1) mode and f high is taken to be twice the frequency of the (4, 4) mode, to prevent the "junk" radiation that occurs in the Fourier transformation [11] . Signals in the frequency domain are obtained from the time domain signals through the Fourier transformation:
In the case of large SNR, the uncertainty in parameter estimation is given by
where θ a are parameters to be estimated, . . . denotes the expectation value, and Γ −1 is the inverse of the Fisher information matrix (FIM),
We will focus on the sky-averaged result and the parameter space to be considered is
where t 0 is the time of coalescence. It is also interesting to consider the combined constraint from all events that can be detected throughout the lifetime of a detector. Assuming that all the detected events are independent of each other, we can construct a combined FIM to study the cumulative constraint on α. The parameter space is
The projected constraint of TianQin and LISA on the GR deviating parameter α with the detection of a single massive black hole merger is illustrated in FIG. 3 In optimal scenarios, both LISA and TianQin are expected to detect hundreds of massive black hole mergers throughout their mission lifetime [33, [36] [37] [38] . The projected number of massive black hole mergers that can be detected are largely model dependent. We use three models for the merger history of massive black holes as has been considered in [33] . These models are denoted as "popIII", "Q3 d" and "Q3 nod", corresponding to the light seed model [39] and the heavy seed models [40] [41] [42] with and without time delay between the merger of massive black holes and that of their host galaxies, respectively. Further explanation of these models can be found in [33] and references therein. We shall consider several different detector scenarios, including TianQin operating for a nominal lifetime of 5 years ("TQ"), a twin set of TianQin constellation operating for 5 years ("TQ tc"), LISA operating for 4 years ("LISA 4y") and LISA operating for 10 years ("LISA 10y").
For each of the detector scenarios, we produce 100 simulated catalogue from each of the models for the merger history of massive black holes. Each simulated catalogue is consisted of all the events that can be detected with the corresponding detector scenario (selected if the SNR of the whole waveform is greater than 8). Each data set gives a combined constraint on the GR deviating parameters α. For a given detector scenario, one can average over the corresponding 100 sets of data to obtain an averaged constraint on α. The results are listed in TABLE IV. 
IV. SUMMARY AND DISCUSSION
To sum up, we have presented an explicit example of using the ringdown signal from a binary black hole merger to constrain a modified theory of gravity, i.e. STVG. This is made possible by the fact that both the rotating black hole solution and the dependence of the corresponding QNM on the GR deviating parameter α can be found in STVG. We find that both TianQin and LISA have the potential to constrain α to the level of a few percent or better.
There is a caveat with the result obtained. Since both the action (3) and the solution (4) are essentially the same as those of a charged rotating black hole, the effect of α in STVG is degenerate with that of the electric charge of a Kerr-Newman black hole in a usual EinsteinMaxwell system. However, the electric charges of astrophysical black holes tend to be quickly reduced due to the quantum Schwinger pair-production effect [43, 44] and the vacuum breakdown mechanism [45] [46] [47] . E. Barausse et al. [48] have presented a theoretical upper bound on the charge-to-mass ratio of black holes, Q/M ∼ 10 −3 , corresponding to α ∼ 10 −6 . So if future space-based GW detectors were to consistently find α significantly greater than the order of 10 −6 , the result is more likely due to a genuine STVG effect rather than the electric charges of black holes.
